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November 22, 2024

Exercise 1. (Chapter 10.1, Problem 20) Consider the BVP:

XZU”—X}J/‘F)\U _ 0
y(1) =0, y(L)=0, L>1
Find all the (real) eigenvalues and eigenfunctions of this equation (cf. Theorem 11.2.1).
Hint: it is an Euler equation.

Exercise 2. Consider Chebyshev’s equation (where p is a constant):
(1 _Xz)y// —Xy/ +p29 =0,
1. Find two linearly independent series solutions valid for [x| < 1 (or at least on an
open neighbourhood of 0).

2. Existence of polynomial solutions.

(@) When p = n is an integer, show that there is a polynomial solution to the
equation.
Under the normalization condition y(1) = 1, these polynomials are called
Chebyshev polynomials and denoted T,,.

(b) Compute Chebyshev polynomials T, for p € {0,1,2,3,4}.

3. Back to the general case, solve Chebyshev’s equation for x € |—1,1[ using the
change of variable x = cos ©.

Exercise 3. For Euler equation x*y” —xy’ +y = 0, can you find a series solution
Y =2 >50anx"? Why not?

In fact, 0 is a regular singular point and the formal solution is of a different form.
There are exciting developments in ordinary differential equations with regular singu-
larities and irregular singularities. We overview the following in recitation:

1. Regular formal solutions
2. Irregular formal solutions

3. The famous Hilbert 21st problem!



Solution: This is an Euler differential equation, so we look for solutions of the
form y(x) = x" = e""* for r € C, and determine the possible values of r by plugging
back into the equation. We have y’(x) = rx"~! and y”(x) = r(r — 1)x" 2, so the ODE
gives

Xrr—1xX" 2 —xrx" AT = (r(r=1) =1+ A)x" =0

So we want 1 to satisfy the characteristic equation
> —2r+A=0

The discriminant of this quadratic equation is A(A) = 4(1 —A).

For a boundary value problems, solutions typically exhibit an oscillatory behaviour.
Solutions will have oscillations if and only if the roots of the characteristic equation
are not real, i.e. if and only if A(A) < 0. So we expect that all the eigenvalues of the
BVP are more than 1. Let’s check this.

e If A > 1, then the roots are r1+ = 1+1iyA—1. The general solution can be ex-
pressed as

y(x) =x (cl cos(In(x) VA — 1) + ¢z sin(In(x) VA — 1))
Applying the first boundary condition gives
0=1y(1) =cqycos(0) +cpsin(0) =c; = ¢ =0.
Applying the second boundary condition gives us,
0 =y(L) = Lepsin(In(L)vVA—1)

If c; = 0 we obtain the trivial solution equal to 0 (not an eigenfunction). If co # 0,
then we
sin(In(L)vA—1) =0=In(L)vA—1=nn, n € N

Solving for A gives us the following set of eigenvalues

nrw

An:1+lnL'

ne N>0.
The eigenfunctions associated to A, are multiples of

Yn(x) = xsin(%ln(x)).

e If A =1, then we get a double root r = 1 and the general solution is
y(x) = c1x + cpx In(x).
Applying the first boundary condition gives

0=y(l) =c.
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The second boundary condition gives
0=y(L) =cLIn(L) = cp, =0.

Therefore there are non non-trivial solution to the BVP, and A = 1 is not an
eigenvalue.

e If A <1, then the roots are r+ =1+ /1 —A. So the general solution is

y(x) = e VIR § oyl VITA

Applying the boundary conditions gives

c1+c=0
C1L1+\/1—)\ + CZLl—\/l—A =0

Because A # 1, the only solution is (cq,c2) = (0,0). So there are no non-trivial
solution to the BVP, and A is not an eigenvalue.

Conclusion: the eigenvalues and eigenfunctions of this BVP are exactly those described
in the case A > 1.



Solution

1.

2.

We look for a power series solution y(x) = ) o anXx™. Then the differential
equation gives the recursive relation

¥neN oyt 1
n e lN, an+2__fai;ija{qj§jan ()
The recursion goes by steps of 2, so a solution is uniquely determined by the
initial terms (ag, a1).

In particular, (ag, a1) = (1,0) and (aop, a;) = (0,1) give two solutions y; and ys.
These solutions are linearly independent: if Ay; + py, = 0 then evaluating at
x = 0 gives A = 0. Taking the derivative and evaluation at x = 0 gives pu = 0.

To check that y; and y, converge, we can use Theorem 5.3.1 in the textbook:
the power series converge in a neighbourhood of 0 where the coefficients

2 . . . . .
and ;P are analytic (meaning they admit convergent power series expansion

at x = 0). We have
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Those two series converge when [x| < 1, so the solutions y; and y, converge on

(a) The existence of a polynomial solution is equivalent to finding a solution
(an)nen to the recursion (1) such that a,, = 0 for n large enough.

If p is an even integer, then we claim that the solution associated to te initial

conditions (ap, a;) = (1,0) is polynomial. Indeed, since a; = 0 we have
aon+1 = 0 for all n € IN. Furthermore api» = 0, s0 api2n = 0 for all

If p is an odd integer, then (ap, a;) = (0,1) provides a polynomial solution.
(b) We look for multiples of the polynomial solution described above.

* p = 0: we have y;(x) = 1, which already satisfies the normalization
condition so Ty(x) = 1.

p = 1: we have y,(x) = x which already satisfies y>(1) =1, so Ty (x) = x.

e p =2 we have yi(x) = —2x>+1 and y;(1) = —1, so Tr(x) = 11311(()1() =
2x% — 1.

e p = 3: we have yp(x) = —%x3 +x and yp(1) = %, so Tz(x) = 322(()1()) =
4x3 —3x.

e p =4 we have yi(x) = 8x* —8x>+1 and y;(1) = 1, so Ty(x) = 8x* —
8x2 + 1.



3. The substitution x = cos 6 for 0 < 6 < 7 is equivalently expressed as 6 = arccos x.
Then

dy dy do6 dy -1

dx d0 dx do 1—x2’
dy d <dy -1 > X dy 1 d%y
(

a2 dx

do /1—x2

1) d0 -1 a8

Since we assume 0 € (0,7) we have vV1—x2 = v/1—cos?20 = sin0. Plugging
these expressions into the ODE we get:

0d da? 0d daz
cosOdy d%  cos 7y+p2y=0<:> Y

B ay 2
sin® d0 do? sinO do

a2 P

We deduce y(0) = A cos(p6) + B sin(p0), and going back to the x variable we see
that the general solution is

y(x) = A cos(p arccos(x)) + B sin(p arccos(x)).

Remark: the Chebschev polynomial of degree n is usually defined by the equation
Tr(cos0) = cos(nB).



